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Traveling wave solutions
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Toward source —z

Relate the 4 wave amplitudes: I and I; to Vg and V;

V(z) = V(;Le_""Z + V, e’  Total voltage

I(z) = Ie 7" 4+ Iy e’*  Total current

4 unknowns:
(Vo' Ig) and (V5. 1)

Wave amplitudes of
incident/reflected

di 2) = (R'+jwL")I(z) € Transmission line voltage phasor equation
dZiZ) =YWy e V% -yVye?” = (R'+jwl)I(2)
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Characteristic Impedance

I[(z) =1te 7% + I5e"? I(2) = [Vohe V% — Vi e¥?]

* Z,is the characteristic impedance

Z,is the ratio of voltage amplitude
to current amplitude for each
individual traveling wave

Define the ratio: =/ =

e *Not* ratio of total V(2) and I(2)

Characteristic impedance

R’ +jwLr R'+jwLr
Zy=—222 = =X 9
Y G +jwCr




Wave Propagation in Transmission Line

Voltage ~ related to E , current ~ related to H
V0+ . _VO_
Iy 1o
. A Vs
[(z) =——e7V% ——eV?
(z) 2 2

—  Z,: characteristicimpedance 2> wand R, L, G, C’

J 1@ =1fe " +1jer?

V(Z) - V0+e_yz + Vo_eyz

2 equations, 2 unknowns



Wave Propagation in Transmission Line

Vo© = Vo |e/?t _ iy
0 Vo'l We will apply boundary conditions at the source

V" = |V, |efe- and load to obtain values for V,*and V,~
o = 1Yo

Now can convert back to time domain:
v(z,t) = Re{[V(2)]e/“t}
= Re|(Vg e V% + Vye¥?)e/ @]

— Re[|V0+|ej<p+ejwte—(a+jﬁ)z + |VO—|ej<p‘ejwte(a+jﬁ)z]

v(z,t) = |Vo+|€_az cos(wt — fz + <.0+) «—  +z direction
+ Vo |e%* cos(wt + fz + ¢~) «——— -z direction



Wave Propagation in Transmission Line

Both +z and —z propagating waves have same phase velocity:

)
up = fr=—.

T

Guided wavelength

e~ %% = attenuation for +z

e%? = attenuation for -z

Standing Wave:
e LlosslessTL: =0
e lossyTL:a#0




TL Wave Propagation - Summary

V(z) =V,Te 7+ V, e¥?
We obtained: <
3 Vo Vo~ R+ jwL’
= — V2 —_ Y2 whereZ, =
In general: Vot = VT |ef e
Voo =1|Vo |e/¥”

And the time domain, instantaneous solution:

v(z,t) = [V ¥ |e™% cos(wt — Bz + @) + |V, " |e*cos(wt + Bz + ¢7)

+Z wave -Z Wave

*Standing wave* e~ % — attenuation

w
U, = fA= E Lossless TL: a =0



Lossless Transmission Line

Example: air line

Air separates 2 conductors - G’=0 because 6 =0
Also, assume high conductivity, and R’=0 O O

Consider air line:
Z,=50Q
Phase constant = 20 rad/m at f = 700 MHz

Q: Find L’ and C’ of the transmission line.




Lossless Transmission Line

Z,=50Q
B =20 rad/m

Q: Find L’ and C’ of the air transmission line (G’=0, R’=0)
« =700 MHz

Solution:

B =Im(y) =Im \/(R’ + jwLl)(G' + jwC’ )) =Im(owVLC") = wyL'C

R + jwl’ i /
7 = \/ j J

G ol |we T T uc =t
Zg
C' = iz 90.9 pF/m
wZ

Ll
Zy = ,C,—>L’—227nH/m



TL Wave Propagation - Summary

7 Vite V7 4V eV i Node ie+an)
| (Z)— o € + o € +Q‘ _,*\M, N+1 = o
We obtained: - s ~ ' Rz LAz | [
- Vo™ _ Vo
[(z) =——e V2 ———eV*
— Zg Zo o(z, 1) G'Az§ =—C'Az vz + Az 1)
VO+ = |V0+|ej(p+ —:: :;—
In general: | Az |
Voo = Vo |e/?”
- here 7 R' + jwlL'
where Zy = ,
0 G'+ jwC'

And the time domain, instantaneous solution:

v(z,t) = |VO+|e‘“Z cos(wt — Bz + @*) + |V~ |e*cos(wt + Bz + ¢ )
\ } \ J
| -z wave

+Z Wwave
10



Lossless transmission line

Consider a lossless line, y = jB

17(2) = V0+e_j'BZ + Vo_ejﬁz
i(Z) = Io+e_jﬁz + Io_ej’gz

- + , - .
I(Z) = ﬁ e_]BZ _VO_eJBZ
Zo Zo

Recall these were solutions to
wave equations:

d?V(z) )
d*I(z) .

Vo te=/B% > incident wave travels +z (source = load)
Vo~ e/B? > reflected wave travels —z (load = source)



Full circuit with transmission line

Consider full circuit with TL, generator and load impedance Z, (z =0 at load)

Transmission line ]
— Ze [0 OF 1 “z” points from generator to load
+
"g® 7, Zo [z | “d”is distance from load d = -z
Generator T - Load Generator at z = _I’ d= I’ d=-z
z
=—/ =0
dz. Zl Loadatz=0,d=0
- |
d=1 d=0

At sending end, z = -I

connected to sinusoidal voltage source: IZg and internal impedance Z,
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Voltage Reflection Coefficient

I

1 — s s .
—_— I'ransmission line
| Zé; T

+

@@ 7% Zo [z

- - ““z” points from generator to load
Generator - - Load I .

I >z d” is distance from load d = -z
z=-] z=0
d < I
d=1 d=0

At the load, V7, = phasor voltage across load
I; = phasor current through load

~

: Vi
load impedance = Z; = —

~

I
V., I, are total voltage, current at z = 0 (at load)
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Voltage Reflection Coefficient

V(z) = Vo e /P2 + v, elb?
[(z) = Iy e 77 + [y elP?
[(z) = Z—z+ e~ iBz %emz
At the load, z = 0:
V.=V(z=0)=V"+V,~

/S

L (z ) Z Z

5 - C
— I'ransmission line
—O

— 7 ~
g ~ ]L
) !
Mg@ Vi Zy |z
Generator - - LLoad
| z
z=-] z=0
d < |
d=1 d=0
Vo T+ VvV,
[ Yo 0 Load
Z, = |— =)Z0 o
VO — VO Impedance

— ZL _ZO +
V™ = 7/
0 (ZL +ZO> 0

Solve for V, ™, V,~
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Voltage Reflection Coefficient

7 At the load, z = O:
. —» __Transmission line .
g o + VL Vl'” — V(Z — 0) — VO++ VO_
_l._
= - | _ V + V —
&;@ Vi Zy L |7 P =f(z=0)=-2_ _lo
\ L =lz=0 =7 -
-1 T N _
Generator - ~ Load Z, = Vo + Vo Zy !_O&d
I -z Vot — Vo~ impedance
z=- z=0
d <— | _ ZL _ ZO N
d=1 d=0 =
0 Z,+Zy) °
Define the reflection coefficient for the voltage:
r = Vo (ref _ Z1—Zg
Vo™ inc AR
_ ZL/ZO —1 _ 3 — 1 Z, small z; = normalized load impedance

= = (2, = =5 Load impedance normalized to
Z1/Zy+1 z;,+1 Zo characteristic impedance
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Voltage Reflection Coefficient

=7

Vo Iy
— = — = —-T Z
Vo I," L

Z, = real for lossless but Z, =R + jwL in general is complex

|

example

[ = |[|e/" «—— T complex (|T'|<=1)

1. Load is matched when Z, =Z,, thenI' =0 and V,- = 0 (no reflection by load)

2. Load is open circuit when Z, = oo, then ' =1 and V,~ = V,* (reflection in phase, 67 = 0)

3. Load is short circuit when Z, =0, then ' =-1and V,~ = —V,* (reflection out of phase 67 = +180°)




Example — Reflection of series RC load

Consider a 100€2 transmission line, Z, = 100£2

Connected to load: resistor 50€2 in series with 10 pF capacitor:

R, = 500,
C_=10pF = 101F

Q: Find reflection coefficient for 100 MHz signal

Transmission line A

Q

RL2500
Zo=100Q L

CLTI(}pF

-

f=100 MHz = 108 Hz

17



Example — Reflection of series RC load

Transmission line A f =100 MHz = 108 Hz

RL2500Q
Zo=100Q L%

CLTI(}pF

L~
i
AF

Solution: need to find T’

F—VL_ _ZL_ZO _ZL/ZO_]‘_ZL_l
Vot Z1+Z, Z1/Zo+1 3z +1
Find normalized impedance: z; = %
0
_Zy, R —j/(wC) (Note: R + 1 —>R—L)
L= Zy Zy jwC wC

| 1
- 1To<50 ) 2mx 108 x 1011

) = (0.5 — j1.59)Q



Example — Reflection of series RC load

f=100 MHz = 108 Hz

Transmission line A

RL2500
Zo =100 0

CLTI(}pF

A‘-’F
Solution:

Find the reflection coefficient (for voltage)

NI 1  05-j1.59-1 —-05-,1.59 —1.67¢/72¢°
z0+1  05-j1594+1 1.5-j1.59  2.19¢-/j46.7°

['=—0.76 /1193° (Note: —1 = e™/180%)

[ = e J/180° ¢j1193%(( 76) = 0.76£ — 60.7°

T
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Reflection Coefficient I = |F|ef97"

L.oad [T O,

A | | Zy (Matched Load) () (no reflection) irrelevant
2 | (short) ] +180° (phase opposition)

—0

2y (open) 1 0 (in-phase)

—0

Zy §jX:ij 1 +180° — 2tan~! x
(Inductive Load)

JJX 1 +180° + 2tan" ! x

(Capacmve Load)

20



Microstrip Line

Conducting
strip (e, oc)

Dielectric
insulator

e Used in RF and microwave
(high frequency) circuits

e (Can fabricate on PCB

Geometric parameters:
e W =width
e h =thickness of dielectric

> « We ignore strip thickness as

Conducting ground plane (u, o¢) long as << w

21



Microstrip Line

Conducting
strip (uc, o¢)

Dielectric
insulator

(e, u, 0

)

Conducting ground plane (x., o;)

Region between conductors have approximately E L B
Quasi-TEM - will model as TEM

Substrate = perfect dielectric,c =0
Metal strip / ground conductors = perfect conductors, ¢ = o
Also, 1 =,

22



Microstrip Line

The key parameters become: w, h, €

If E is confined between conductors:

w C w
u —
C

p:E:\/E—T p =

where €, = relative permittivity of dielectric

Since some E is through air, we define: €. = effective permittivity

Cc

\ Eeff

up=

With significant derivation:

e, +1 (e —1 10\

where s = % (width to thickness ratio)




Microstrip Line

From previous slide:
e, +1 [e,—1 10\
€eff = > + > 1+ ?

X, y => additional variables - used to obtain:

60 6+ (2m —6)et

/'ZOZ\/?ffn{ S

Characteristic
Impedance (30.67)0'75

t =
S
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Generalized, Lossless Transmission Line

Transmission line can be characterized by:
 Propagation constant: y
 Characteristic impedance: Z,

-> Then can specify , R’, L, G’, C’

Want TL with low ohmic loss = get high o, conductors and dielectrics with ¢ = 0
then, R’, G’ can be made small and negligible

If R’ << wl’and G’ << o (’, then we can set
R’'=G’=0

b. | <
y =V +jol) @ +jwC")

Y =a+jB = jwyL'C’ — Lossless line

a =0, B =wyL(C
R' + jwl’ "+ jwl' L
Zg = — = ¥ ].a) = | = =12
14 "+ jwC’ C




Lossless Transmission Line

For lossless transmission line:

2T 21T w 1

B wVL'C B NIC

Recall: all TEM lines ’C’ = ue

rad

Then: B = w\/E — where p, € -- dielectric
m usually p=p,
1 €= €€
1 1 1 C

u

P V€€  FofoNE  Er

A_up c 1
If €, =1,thenu, =c f Ve e

26



Lossless Transmission Line

1 1 1 C
Definee. =~ , u, = = : = :
" e P JHoGe0 oo JE&  Je
Up 1 _to

: _ ¢
Guided wavelength, A = — = In air (or vacuum) o = —

f Ve Ve

If .- is independent of frequency - non-dispersive
u, is independent of frequency, no dispersion
Same phase velocity for all frequency components

—> Short pulse = more frequencies,
dispersion is more critical at high data rates



TL- characteristic parameters -- Summary

Propagation Phase Characteristic
Constant Yelocity Impedance

y =w+ jp by Zn
w RI o LI
y =R +jol)(G' +joC) W=7 , _ |R +jol)
General 0 G o)
Case: Lo NN
U = Ho, € = €€y, c = , |— = T
' VHo€o ] €o (free space)
Lossless y=jb (@=0) L€ L
'=G'= P& Zy = |=
(R =G’= O) B _ Wyeér r C
C
Non-dispersive line: €, of insulator is independent of frequency
a=0 ¢ 60 b
Up = Zy = In(-)
V& Vér ° Jeerr @

Lossless coax

B=

(o}

28




TL— characteristic parameters -- Summary

Propagation Phase Characteristic
Constant Velocity Impedance
y =a+ jp iy Z
Cc
a=0 B=2F Up = 120 (D D
Losgle§s c JVEr Zo = ln[(—) + D=1
2-wire: VEr d d
" D
o\ /
Lossless W+fEr I 1207 h
a=20 = Up =
parallel- B== P& Zy = = - |
plate T separation
Plate width

29
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